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In this paper, for any given positive masses we prove that the constrained varia-
tional minimization solutions of the fixed energy or fixed mean potential energy
problem for the 3-body type problems with homogeneous potentials in R3 or R2 are
precisely the planar equilateral triangle circular solutions found by J. Lagrange in
1772.  2000 Academic Press
1. INTRODUCTION AND MAIN RESULTS
In this paper we consider the N-body type problems with homogeneous
potentials. Here the motion q=(q1 (t), ..., qN(t)) satisfies the system
miq i&Uqi (q)=0, i=1, ..., N, (1.1)
where qi # RK with K=3 or 2 is the position, mi is the mass of the i th
particle for i=1, ..., N, respectively, and &U(q) is the potential function
given by
U(q)=
}
2
:
1i{ jN
mi mj
|qi&qj |:
, \q=(q1 , ..., qN) # (RK)N, (1.2)
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with :>0, and Uqi denotes the gradient of U with respect to qi . By }>0
we denote the universal gravitation constant. When :=1, this is the classi-
cal N-body problem in the celestial mechanics concerning the motion of N
point masses governed by the universal gravitation law.
We study in this paper the existence of non-constant periodic solutions
for (1.1) with prescribed energy level h in the set H(:) defined by
[h # R | h<0], if 0<:<2,
H(:)={[0], if :=2,[h # R | h>0], if :>2.
The given energy problem is described by (1.1) and
1
2 :
N
i=1
m i |q* i (t)| 2&U(q1 (t), ..., qN(t))=h, \t # R, (1.3)
or with prescribed mean potential energy P<0,
&
1
{ |
{
0
U(q) dt=P, (1.4)
where { is the unknown minimal period of the solution q.
After P. Rabinowitz’s pioneering work [Ra] in 1978, a great amount of
contributions on periodic solutions of the N-body problems (1.1) and (1.3)
have been made via the variational method on periodic function spaces.
Two beautiful survey works are [ACZ1] of A. Ambrosetti and V. Coti
Zelati and [De] of G. F. Dell’Antonio (cf. also [CZ1, CZ2, DG, ST,
ACZ2, ATV, Be, Ta, Vi1, Vi2, LZ, CD], and references therein). Via the
variational minimization methods, the existence of non-collision periodic
solutions was proved for the 3-body problem with fixed energy by
A. Ambrosetti and V. Coti Zelati in [ACZ3] of 1994, based on earlier
works of A. Ambrosetti, V. Coti Zelati, K. Tanaka, and E. Vitillaro in
[ACZ1, ACZ2, ATV] on the existence of weak solutions. We also refer to
[Vi1] of E. Vitillaro on the existence of non-collision periodic solutions for
the N-body type problem with fixed energy under certain conditions on the
masses when N4. For the N-body problem with fixed mean potential
energy, the only result we know is due to E. Vitillaro in [Vi2], where the
existence of weak solutions is proved for a sequence of Pk increasing to 0.
Note that in [Ta], K. Tanaka studied the existence of periodic solutions
with prescribed zero energy for 2-body problem with :=2.
In the recent papers [LZ, CD], the geometric characterization for varia-
tional minimization solutions of the 3-body problem with given period
were proved independently. But up to our knowledge, so far there is no
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geometric information obtained for such variational minimization solutions
with fixed energy. Specially it is not known whether such minimization
solutions for 3-body problem with fixed energy are different from
J. Lagrange’s planar equilateral triangle periodic solutions found in 1772.
Our aims in this paper are twofold: (A) to give a complete geometric
characterization of solutions obtained by the constrained variational mini-
mization method for the 2- and 3-body problems in R3 or R2 with a fixed
energy, (B) to prove the existence of non-collision periodic solutions of the
same problem with fixed mean potential energy and to give their geometric
characterizations. Specially we answer the above mentioned question on
comparison with Lagrangian solutions. Let R+=[r # R | r>0]. Our main
results are the following theorems.
Theorem 1.1. For K=3 or 2, N=3 or 2, any m # (R+)N, :>0, and
h # H(:), every constrained minimum point of the action functional corre-
sponding to the N-body problem (1.1) and (1.3) with fixed energy h defined
on some set of 1-periodic functions with zero mean values in (RK)N exists and
must yield non-collision relative equilibrium solutions with minimal period {
of this problem. These solutions are similar to the equilateral triangle when
N=3 or the unit interval when N=2 on any time t and whose mass points
rotate along circular orbits around the mass center 0 with the same constant
angular velocity on a fixed plane. Specially when N=3 they are precisely
Lagrangian planar non-collision equilateral triangle circular periodic
solutions.
Theorem 1.2. For any P<0, K=3 or 2, N=3 or 2, :>0, and any
m # (R+)N, constrained minimum points of the action functional corresponding
to the N-body problem (1.1) and (1.4) with fixed mean potential energy
P<0 defined on some set of {-periodic functions with zero mean values in
(RK)N exist and possess the geometric characterization mentioned in the
Theorem 1.1.
The idea of our proofs is that the weak solutions found by the con-
strained variational minimization method must make all the inequalities in
the infimum estimate become equalities, and then they must be pinched by
these equalities uniquely into certain geometric shapes. The main tools of
our proofs are the inequalities of Coti Zelati, Wirtinger, and Jensen,
together with the necessary and sufficient conditions for the equalities to
hold in these inequalities. Specially, our method to exclude the possible
collisions of the weak solution is different from those used in [ACZ1,
ACZ2, ACZ3, ATV, Vi1, Vi2]. Our method in this paper can be applied
to the general N-body problems in RK with NK without substantial
modifications.
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2. PRELIMINARY BASIC INEQUALITIES
The following inequality is one of the main tools in our study on the
N-body problems.
Proposition 2.1. (1%) (Lemma 2.1 of [CZ1]) For any positive integer
K, :>0, N2, m=(m1 , ..., mN) # (R+)N, and q=(q1 , ..., qN) # (RK)N, there
holds
1
2
:
1i{ jN
mimj
|qi&qj | :
C: (N, m) \ :
N
i=1
mi |qi |2+
&:2
, (2.1)
where C: (N, m) = 2&(2+:)2M &:2 (1i{ jN m i mj ) (2+:)  2 and M =
Ni=1 m i .
(2%) (Proposition 2.1 of [LZ]) When N3, the equality holds in (2.1)
if and only if there hold
NK+1, (2.2)
|qi&qj |=|qk&qh |, \i{ j, k{h, (2.3)
:
N
i=1
mi qi =0. (2.4)
Moreover, in (2.3), |qi&qj |=0 for some i{ j if and only if qk=0 for all
k=1, ..., N.
(3%) (Proposition 2.1 of [LZ]) When N=2K+1, the constant in
(2.1) becomes C: (2, m)=(m1+m2)&:2 (m1m2) (2+:)2. Equality in (2.1)
holds if and only if
m1 q1+m2 q2=0. (2.5)
3. THE 3- AND 2-BODY PROBLEMS WITH FIXED ENERGY
IN R3 OR R2
For K=3 or 2, N2, m=(m1 , ..., mN) # (R+)N, where R+=[r>0], let
W denote the Sobolev space W1, 2 (RZ, (RK)N) with the usual inner
product and norm
(x, y) =|
1
0
(x } x+x* } y* ) dt, &x&=(x, x)12.
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For any q=(q1 , ..., qN) # W, we denote by 8q (t) and Tq (t) the square root
of its momentum of inertial and its kinetic energy with respect to m for all
t # R, respectively,
8q (t)=\ :
N
i=1
mi |q i (t)| 2+
12
, Tq (t)= :
N
i=1
m i |q* i (t)|2. (3.1)
As usual (cf. [ACZ1]) for given h # H(:), we define
f (q)= 12 |
1
0
Tq (t) |
1
0
[h+U(q(t))] dt, \q # M, (3.2)
where we define
M={q # W } |
1
0
[&U(q)& 12U$(q) } q] dt=h= . (3.3)
A q # W is called a collision element, if there is some t0 # [0, 1] and i{ j
in [1, ..., N] such that qi (t0)=qj (t0). To find non-collision periodic solu-
tions of the given energy problem (1.1) and (1.3), we consider the following
subset of M,
E=[q # M | [q]=0, qi (t){qj (t), \t # R, 1i{ jN ], (3.4)
where
[q]#|
1
0
q(t) dt, \q # W.
Note that the potential function U is even, i.e.,
U(&q)=U(q), \q # (RK)N. (3.5)
Define a constant {>0 by
1
{
={&
1
0U$(q) } qdt
10Tq (t) dt =
12
. (3.6)
For a given h # H(:), similar to Theorem 4.1 and the discussions in
Section 21 of [ACZ1], f is C1 on E, and any critical point q=q(t) of f on
E corresponds to a {-periodic solution x(t)=q(t{) with zero mean value
of the problem (1.1) and (1.3) with { defined by (3.6) (cf. [ACZ1]). As
usual we call this x a weak solution of the N-body problem, if the collision
time set
C(x)=[t # [0, {) | xi (t)=xj (t) for some 1i{ jN]
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possesses zero Lebesgue measure, and x(t) satisfies (1.1) for all
t # [0, {]"C(x).
In this section we use the constrained minimization method to find mini-
mal points of f on E and to characterize the geometric configurations of
these minimum points when N=3 or 2.
Lemma 3.1. Every critical point q of the restriction of f on E is a critical
point of f in W.
For a proof of this result we refer to [ACZ1].
Lemma 3.2. For :>0, the functional f possesses a non-constant critical
point in W only if one of the following three cases holds:
(1%) h>0, if :>2,
(2%) h=0, if :=2,
(3%) h<0, if :<2.
Proof. For any q # W, we have
( f $(q), q) =|
1
0
:
N
i=1
mi |q* i |2 dt |
1
0
(h+U(q)) dt
+ 12 |
1
0
:
N
i=1
mi |q* i |2 dt |
1
0
(U$(q) } q) dt.
Suppose q # W is a non-constant critical point of f. We then obtain
|
1
0
(h+U(q)+ 12U$(q) } q) dt=0.
By the homogeneity of U this yields
2&:
2 |
1
0
U(q) dt=&h.
Hence the result follows. K
Theorem 3.3. (1%) For K=3 or 2, N2, :>0 and :{2, any
h # H(:), and m # (R+)N, there exists a constant b0=b0 (N, K, m, :, h)>0
given by (3.14) below such that
0<b0inf[ f (q) | q # E]<+. (3.7)
427SOLUTIONS OF THE 3-BODY PROBLEM
(2%) Let
Mf (N, K, m, :, h)=[q # E | f (q)=inf[ f (q) | q # E]],
where E is the closure of E in W. Then there holds
Mf (N, K, m, :, h){<, (3.8)
and for any q # Mf (N, K, m, :, h), x(t)=q(t{) with {>0 defined by (3.6) is
a weak {-periodic solution with zero mean value of the N-body type problem
(1.1) and (1.3) in RK.
Proof. (1%) Since E{<, the right hand side of (3.7) follows. Then for
q=(q1 , ..., qN) # E, by the homogeneous property for U we have
|
1
0
(h+U(q)) dt=
&1
2 |
1
0
U$(q) } q dt=
:
2 |
1
0
U(q) dt. (3.9)
Thus
|
1
0
U(q) dt=
&2h
2&:
.
Together with Coti Zelati’s inequality (Proposition 2.1) and Jensen’s
inequality (Theorem 204 of [HLP]) we have
&2h
2&:
=
}
2 |
1
0
:
1i{ jN
mimj
|qi&qj |:
dt
}C: (N, m) |
1
0 \:
N
1
m i |qi | 2+
&:2
dt (3.10)
}C: (N, m) \|
1
0
:
N
i=1
mi |q i | 2 dt+
&:2
. (3.11)
By (3.9) and Wirtinger’s inequality (Theorem 258 of [HLP]), we have
f (q)=
1
2 |
1
0 \ :
N
i=1
m i |q* i |2+ dt |
1
0
(h+U(q)) dt
=
&h:
2(2&:) |
1
0 \ :
N
i=1
mi |q* i |2+ dt (3.12)

&h:
2(2&:)
(2?)2 |
1
0
:
N
i=1
m i |q i | 2 dt. (3.13)
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Here the Wirtinger’s inequality is applicable on periodic functions with
zero mean values. Thus together with (3.10) and (3.11) we obtain
f (q)
&2h:
2&:
?2 \(2&:) }C: (N, m)&2h +
2:
#b0>0. (3.14)
This proves (1%).
(2%) We follow ideas in the Sections 2B and 3A of [Go] to prove
(3.8). For c # R, let f c=[q # E | f (q)c]. Fix cb0 . For any q=
(q1 , ..., qN) # f c, we have
f (q)=
&h:
2(2&:) |
1
0 \ :
N
i=1
m i |q* i |2+ dt= &h:2(2&:) &q&2. (3.15)
Thus f c & E is bounded in W. By the property of weakly lower semicon-
tinuity for &q&2 we have that f c & E is weakly closed. Thus the set f c & E
is a weakly compact subset of W for any c # R. Then together with (1%) and
Lemma 2.3 of [Go], we obtain (3.8).
For any q # Mf (N, K, m, :, h), by (3.7) the measure of C(q) must be zero.
It is well known (cf. [ACZ1]) that x(t)=q(t{) is a classical solution of
(1.1) for t # [0, {]"C(x). Thus x is a weak solution of (1.1) and (1.4) and
the proof is complete. K
Our next result contains Theorem 1.1.
Theorem 3.4. For K=3 or 2, N=3 (or 2), m # (R+)N, :>0, and
h # H(:), we consider periodic solutions of the N-body type problem (1.1) and
(1.3) in RK with prescribed energy h # H(:).
(1%) The functional f defined by (3.2) possesses a positive global mini-
mum b0 on E given by the above (3.14).
(2%) Every Q=(Q1 , ..., QN) # Mf (N, K, m, :, h) must possess the
following properties: (A) Q(t) is 12-antiperiodic with minimal period 1. (B)
The configuration Q(t) is similar to the equilateral triangle (or the unit inter-
val) at any time t. (C) |Qi (t)|=|Qi (0)|>0 for all t # R and 1iN. (D)
Each point Qi (t) moves along a circle centered at the origin in RK with mini-
mal period 1 and the same constant angular velocity for all i # [1, N]. (E)
When K=3, the N points [Q1 (t), ..., QN(t)] are planar, i.e. are in a fixed
plane at all time t. (F) The mass center satisfies CQ (t)=0 at any time t. (G)
For { defined by (3.6) with q replaced by Q, x(t)=(Q1 (t{), ..., QN(t{)) is
a non-collision relative equilibrium classical solution of the N-body problem
in RK possessing the given energy h # H(:).
Proof. We consider two cases according to :{2 or :=2.
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Case 1. :>0 and :{2
We carry out the proof for this case in three steps.
Step 1. By Theorem 3.1, for any q=(q1 , ..., qN) # E, we have
f (q)b0=b0 (N, K, m, :, h). (3.16)
Step 2. The proofs for (1%) and (2%).
Claim 1. There exists a Q=(Q1 , ..., QN) # E reaching the value b0 .
To prove this claim, suppose Q # E make all equalities in (3.10) to (3.14)
hold. Then Q # Mf (N, K, m, h). It suffices to prove such a Q survives.
In fact, by the necessary and sufficient condition for the equality of the
Wirtinger’s inequality used in (3.13), there exist ai and b i # RK for all
i=1, ..., N such that
Qi (t)=ai cos(2?t)+bi sin(2?t), \t # R. (3.17)
Thus each Q i (t) possesses with minimal period 1, and moves along a
closed orbit in the subspace spanned by ai and bi of RK.
We define
Di, j (t)=|Qi (t)&Qj (t)|, \t # R, 1i{ jN. (3.18)
Since Q # W, by the Sobolev embedding theorem, Di, j # C(RZ, R). Note
that we have D i.j (t)0 for all t and
meas[t # [0, 1] | Di, j (t)=0]=0, (3.19)
since otherwise we would have f (Q)=+ which violates the fact of Q
being a global minimum point of f on E . By the equality in (3.10) and
Proposition 2.1, we then obtain a function D # C(RZ, [0, +)) such that
Di, j (t)=D(t), \t # R, 1i{ jN. (3.20)
CQ (t)=0. (3.21)
Note that by (3.20) when N=3, the configuration Q(t) must be similar to
the equilateral triangle whenever D(t)>0.
Note that another physics meaning of (3.20) and (3.21) is that the solu-
tion Q has at most only simultaneous collisions, the possible simultaneous
collision times are precisely those t at which D(t)=0 holds, and then
Q(t)=0. Thus
Q(t)=0 if and only if D(t)=0. (3.22)
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By the minimum property of Q, it must make (3.11) become an equality.
By the necessary and sufficient condition of the Jensen’s inequality
(Theorem 204 of [HLP]), there exists a constant H0 such that the momen-
tum of inertial of Q satisfies
8Q (t)=H0 , \t # [0, 1]. (3.23)
By the equality of (3.11), we then obtain
H0=\(2&:) }C: (N, m)&2h +
1:
>0. (3.24)
Together with (3.22) and (3.23), we obtain
Q(t){0 and D(t)>0, \t # [0, 1]. (3.25)
Thus Q has no collision at all. By Theorem 4.1 of [ACZ1], x(t)=Q(t{)
is a classical solution of the N-body problem with given energy h # H(:).
Note that in this case we have :{2.
By (3.20) and the Lagrangian identity (cf. [AKN, p. 59; MH, p. 24]), we
obtain
1
2 :
1i{ jN
mim jD(t)2=M82Q(t)=MH
2
0 . (3.26)
This yields
D(t)=D(0)=\
(2&:) } 1i{ jN mim j
&4h +
1:
, \t # R. (3.27)
Therefore the distance r(t) between any point Qi (t) and the geometric
center Ni=1Qi (t)N of the regular N-gon spanned by Q1 (t) to QN(t) must
be constant, i.e.,
r(t)=r(0), \t # R. (3.28)
Since the distance between each Qi (t) and the mass center CQ (t)=0 with
distance between the root of unity and the corresponding mass center has
a fixed ratio, we obtain
|Qi (t)|=r(t) }|i& 1M :
N
j=1
mj | j } , \t # R, 1iN, (3.29)
where |=e- &1 2?N. Together with (3.28), we obtain
|Qi (t)|=|Qi (0)|>0, \t # R, 1iN. (3.30)
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By taking the derivative of |Q i (t)|2 with respect to t, we obtain that the
constant vectors ai and bi # RK in (3.17) must satisfy
|ai |=|bi |=|Qi (0)|>0, \1iN, (3.31)
ai } bi =0, \1iN. (3.32)
Thus ai and bi must be linearly independent and each Qi (t) must move
along the circle with radius |Qi (0)| centered at the origin on the plane
spanned by ai and bi with the same constant angular velocity for 1iN.
Claim 2. When K=3, Q(t) must be planar for all t # R.
We postpone the proof of this claim to the step 3. By this claim, such a
Q must exist, satisfies properties (A)(F), thus (G) in 2%, and can be deter-
mined by (3.26)(3.33) and (3.18) uniquely module rotations of the plane
determined by Q when K=3 and rotations of Q on this plane. This proves
our Claim 1 and (1%).
Now suppose Q # Mf (N, K, m, :, h). Then it must also make all
equalities from (3.10) to (3.14) hold. Thus by our above proof, it must pos-
sesses properties claimed in (2%). Thus the proof of the theorem is reduced
to that of the Claim 2.
Step 3. The proof of Claim 2.
The proof is the same as that of a similar claim given in [LZ]. For
reader’s convenience, we repeat it here. It suffices to consider the cases of
N=2 and 3 in R3.
When N=2, by our above discussion, the plane 6 determined by the
circle [Q1 (t) | t # R] must contain the straight line L(t) passing through
Q1 (t) and the origin. Since the origin is the mass center of Q1 (t) and Q2 (t)
for all t, we must have Q2 (t) # L(t)/6 for all t.
When N=3, by (3.17), (3.27), (3.30), (3.31), and (3.32) we further obtain
ai } aj=bi } bj , \1i{ j3, (3.33)
and that it suffices to prove the six points a1 , a2 , a3 , b1 , b2 , and b3 being
coplanar.
Since the claim is geometric and independent of the special coordinate
system chosen for R3, and the value of the functional f is independent of
the coordinate system chosen on R3, without loss of generality we can
assume that the third coordinates of a1 , a2 , and b1 are zero. Because 0 is
the mass center of a1 , a2 , and a3 . These four points must be coplanar. Thus
the third coordinate of a3 must be also zero. Therefore we can assume
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c a21 a31
a1={0= , a2={a22= , a3={a32= , (3.34)0 0 0
0 b21 b31
b1={c= , b2={b22= , b3={b32= , (3.35)0 b23 b33
where c=|Q1 (0)|>0, and we have applied (3.32) with i=1. Note that the
proof for the case of b12=&c is similar and thus is omitted. Denote by
6 the plane which contains all points with zero third coordinates.
By (3.33) for (i, j)=(1, 2) and (1, 3), we obtain
a21=b22 , (3.36)
a31=b32 . (3.37)
By (3.32) for i=2 and 3, we obtain
a21b21=&a22b22 , (3.38)
a31b31=&a32b32 . (3.39)
Assume a21=a31=0. Then (3.36) and (3.37) yield b22=b32=0. Together
with (3.31) and (3.35), the four points b1 , b2 , b3 , and 0 can not be
coplanar. This contradicts to the fact that 0 is the mass center of b1 , b2 ,
and b3 , and proves that one of a21 and a31 must be non-zero. We continue
the proof in two cases.
Subcase 1. a21 {0. Then (3.36) and (3.38) imply b21=&a22 . Together
with (3.36) and (3.31) with i=2, we obtain b23=0 and thus b2 # 6. Since
the four points b1 , b2 , b3 , and 0 are coplanar, we must have b3 # 6. Thus
the claim 2 holds.
Subcase 2. a31 {0. Then (3.37) and (3.39) imply b31=&a32 . Together
with (3.37) and (3.31) with i=3, we obtain b33=0 and thus b3 # 6. Thus
as in the Case 1, b2 # 6, and the Claim 2 holds.
This completes the proof for the case of :>0 and :{2.
Case 2. :=2. When :=2 and h=0, our proof of Theorem 3.3 does
not work. Here we prove the existence of the global minimum of the func-
tional f on E with M=W and characterize its geometric shape as follows.
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By inequalities of Wirtinger, Coti Zelati, and Jensen, we obtain
f (q)=
1
2 |
1
0 \ :
N
i=1
m i |q* i | 2+ dt |
1
0 \ :1i{ jN
mi mj
|qi&qj |2 + dt

1
2
(2?)2 C2 (N, m) |
1
0 \ :
N
i=1
mi |qi |2+ dt
_|
1
0 \ :
N
i=1
mi |q i |2+
&1
dt (3.40)

1
2
(2?)2 C2 (N, m)#b0>0. (3.41)
Thus the functional f has a global positive lower bound on E.
Now suppose q # E is a global minimum point of f on E . Then it must
make inequalities in (3.40) and (3.41) become equalities. As in our above
proof for the case of :{2, the necessary and sufficient conditions for
equalities in the inequalities of Wirtinger, Coti Zelati, and Jensen make this
q possesses the properties claimed in the theorem. Specially, these condi-
tions possesses no conflicts to each other, and thus such a q as a global
minimum point of f on E survives and must be in E. This proves the
Theorem 3.4 for :=2 and h=0. Note that in this case, we got a one
parameter family [q] of the global minimum points. Here the length
Dq (t)#Dq (0) of the edge of the equilateral triangle formed by the three
mass points can be viewed as a parameter in R+, and their kinetic energy
Tq (t)#Tq (0) can be viewed as a variable depends Dq . They satisfy
Tq (0)=
4?2C2 (N, m)
1i{ jN mim j
Dq (0)2. (3.42)
The proof of the theorem is complete. K
Remark 3.5. (1%) Claim 2 in the above proof follows also from the
famous work [La] of J. Lagrange in 1772 or the general proposition (ii)
of Section 371 of [Wi] due to Pizzetti in 1904, since by our proof up to
(3.32), Q is already a non-collision equilateral triangle solution of the
N-body problem all the time. But our proof given in the above Step 3 for
the Claim 2 is more direct for our this special case.
(2%) Following our proof in the above Step 2, elements in
Mf (N, K, m, :, h) can be constructed explicitly. This gives a different proof
of the fact Mf (N, K, m, :, h){< followed from Theorem 3.3 for N=3 or
2, :{2, and h # H(:).
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4. THE 3-BODY PROBLEMS WITH PRESCRIBED
MEAN POTENTIAL ENERGY
In this section, we study the problem (1.1) and (1.4) of the 3-body
problem with prescribed mean potential energy. With the function space W
and the mean value [q] of q # W defined in the Section 3, we set
4=[q # W | [q]=0, qi (t){qj (t), t # R, 1i{ jN], (4.1)
N={q # 4 } |
1
0
:
N
1
mi |q* i |2 dt=1= . (4.2)
We consider the functional
9R (q)=|
1
0
U(Rq(t)) dt, \q # N, R>0. (4.3)
Lemma 4.1. (1%) 9R # C1 (4, R) is weakly continuous and possesses
compact gradient.
(2%) Let q # N and R # R satisfy that the derivative of 9R restricted
to N at q vanishes, i.e. 9$R (q)=0. Define a constant |=|(R)>0 depend-
ing on R by
|2=&
1
R2 |
1
0
U$(Rq) } Rq dt. (4.4)
Then p(t)=Rq(|t) is a classical non-constant periodic solution of (1.1) and
(1.4) with mean potential energy P=&9R (q).
Remark 4.2. The proof is similar to that of Lemma 2.1 of [Vi2], and
thus is omitted. Note that the proof of (2%) uses the fact that 9R is even
and N is symmetric about the origin.
Theorem 4.3. (1%) For K=3 or 2, N2, any :>0, R>0, and
m # (R+)N, there exists a constant d0=d0 (N, K, m, :, R)>0 given by (4.10)
below such that
0<b0inf[9R (q) | q # N]<+. (4.5)
(2%) Let
N(N, K, m, :, R)=[q # N | 9R (q)=inf[9R (v) | v # N]],
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where N is the closure of N in 4 . Then there holds
N(N, K, m, :, R){<. (4.6)
(3%) For any P<0, let
R=2? \}C: (N, m)&P +
1:
, (4.7)
and |=|(R) defined by (4.4). Then for any q # N(N, K, m, :, R), the func-
tion p(t)=Rq(|t) is a weak 1|-periodic solution with zero mean value of
the N-body problem (1.1) and (1.4) with given mean potential energy P<0
in RK.
Proof. (1%) Since N{<, the right hand side of (4.5) follows. Then
for any q=(q1 , ..., qN) # N, we have
|
1
0
:
N
1
mi |q* i | 2 dt=1. (4.8)
Thus we obtain
9R (q)=
}
2 |
1
0
:
1i{ jN
mim j
(R |qi&qj | ):
dt

}
R:
C: (N, m) |
1
0 \ :
N
i=1
m i |q i |2+
&:2
dt (4.9)

}
R:
C: (N, m) \|
1
0
:
N
i=1
mi |qi |2 dt+
&:2
(4.10)
\2?R +
:
}C: (N, m) \|
1
0
:
N
i=1
mi |q* i |2 dt+
&:2
(4.11)
=\2?R +
:
}C: (N, m)#b0>0, (4.12)
where the inequalities of Coti Zelati, Jensen, and Wirtinger are applied to
get (4.9), (4.10), and (4.11) respectively. (4.12) follows from (4.8). This
proves (1%).
Note that the proof of (2%) is similar to that of Theorem 3.3 by using the
idea of [Go] and Fadou’s lemma, and thus the details are omitted. Note
that (3%) follows from Lemma 4.1 and (4.12). The proof is complete. K
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Theorem 1.2 is contained in the following
Theorem 4.4. For K=3 or 2, N=3 (or 2), m # (R+)N, and P<0, we
consider periodic solutions of the N-body problem in RK with prescribed
mean potential energy P.
(1%) The functional 9R (q) defined by (4.3) possesses a positive global
minimum b0 on N given by (4.12).
(2%) Every Q=(Q1 , ..., QN) # N(N, K, m, R) must possess properties
(A) to (F) of (3%) of Theorem 3.4, and the property (G): For the given P<0,
define the constants R>0 and |=|(R)>0 by (4.7) and (4.4), respectively.
Then q(t)=RQ(|t) is a non-collision relative equilibrium classical solution
of the N-body problem in RK with the given mean potential energy P<0.
Proof. Using the necessary and sufficient conditions for the equalities in
(4.9)(4.12) to hold, this theorem can be proved almost word by word as
that of Theorem 3.4. Thus the details are left to the readers. K
ACKNOWLEDGMENTS
The authors sincerely thank the support and hospitality of the ICTP at Trieste during their
visits to the ICTP (Long as an associate member from September to November, and Zhang
in October) in 1998, when this paper was completed.
REFERENCES
[ACZ1] A. Ambrosetti and V. Coti Zelati, ‘‘Periodic Solutions of Singular Lagrangian
Systems,’’ Birkha user, Basel, 1993.
[ACZ2] A. Ambrosetti and V. Coti Zelati, Closed orbits of fixed energy for a class of n-body
problems, Ann. Inst. H. Poincare Anal. Non Line aire 9 (1992) 187200; addendum
337338.
[ACZ3] A. Ambrosseti and V. Coti Zelati, Non-collision periodic solutions for a class of
symmetric 3-body type problems, Topol. Methods Nonlinear Anal. 3 (1994), 197207.
[ATV] A. Ambrosseti, K. Tanaka, and E. Vitillaro, Periodic solutions with prescribed
energy for some Keplerian n-body problems, Ann. Inst. H. Poincare Anal. Non
Line aire 11 (1994), 613632.
[AKN] V. Arnold, V. Kozlov, and A. Neishtadt, ‘‘Dynamical Systems. III. Mathematical
Aspects of Classical and Celestial Mechanics,’’ Russian ed., Springer-Verlag, Berlin,
1985; English ed., 1988.
[Be] U. Bessi, Multiple closed orbits of fixed energy for gravitational potentials,
J. Differential Equations 104 (1993), 110.
[CD] A. Chenciner and N. Desolneax, Minima de l’inte grale d’action et e quilibres relatifs
de n corps, C. R. Acad. Sci. Paris Ser. I Math. 326 (1998), 12091212.
[CZ1] V. Coti Zelati, The periodic solutions of N-body type problems, Ann. Inst. H.
Poincare Anal. Non Line aire 7 (1990), 477492.
437SOLUTIONS OF THE 3-BODY PROBLEM
[CZ2] V. Coti Zelati, A class of periodic solutions for the N-body problem, Celestial Mech.
46 (1989), 177186.
[DG] M. Degiovanni and F. Giannoni, Dynamical systems with Newtonian type poten-
tials, Ann. Scuola Norm. Sup. Pisa 15 (1989), 467494.
[De] G. F. Dell’Antonio, Classical solutions of a perturbed N-body system, in ‘‘Topologi-
cal Nonlinear Analysis, II’’ (M. Matzeu and A. Vignoli, Eds.), pp. 186, Birkha user,
Basel, 1997.
[Eu] L. Euler, De motu rectilineo trium corpo rum se mutuo attrahentium, Novi. Comm.
Acad. Sci. Imp. Petropll (1767), 145151.
[Go] W. Gordon, A minimizing property of Keplerian orbits, Amer. J. Math. 99 (1977),
961971.
[HLP] G. Hardy, J. Littlewood, and G. Polya, ‘‘Inequalities,’’ 2nd ed., Cambridge Univ.
Press, Cambridge, 1952.
[La] J. Lagrange, Essai sur le proble me des trois corps (1772), in ‘‘Ouvres,’’ Vol. 3,
pp. 229331, 1783.
[LZ] Y. Long and S. Zhang, Geometric characterizations for variational minimization
solutions of the 3-body problem, Acta Math. Sinica, in press.
[MH] K. Meyer and G. Hall, ‘‘Introduction to Hamiltonian Systems and the N-Body
Problems,’’ Springer-Verlag, Berlin, 1992.
[Ra] P. Rabinowitz, Periodic solutions of Hamiltonian systems, Comm. Pure Appl. Math.
31 (1978), 157184.
[ST] E. Serra and S. Terracini, Collisionless periodic solutions to some three-body
problems, Arch. Rational Mech. Anal. 120 (1992), 305325.
[SM] C. Siegle and J. Moser, ‘‘Lectures on Celestial Mechanics,’’ Springer-Verlag, Berlin,
1971.
[Ta] K. Tanaka, Periodic solutions for singular Hamiltonian systems and closed
geodesics on non-compact Riemannian manidolds, Ann. Inst. H. Poincare Anal. Non
Line aire, in press.
[Vi1] E. Vitillaro, Non-collision periodic solutions of fixed energy for a symmetry N-body
type problem, in ‘‘Variational and Local Methods in the Study of Hamiltonian
Systems, Trieste, 1994,’’ pp. 202211, World Scientific, River Edge, 1995.
[Vi2] E. Vitillaro, Closed orbits of prescribed mean potential energy for a class of N-body
type problems, Dynam. Systems Appl. 4 (1995), 225235.
[Wa] J.-H. Wang, ‘‘The Three Body Problem,’’ Chinese ed., Science Press, Beijing, 1961.
[Wi] A. Wintner, ‘‘Analytical Foundations of Celestial Mechanics,’’ Princeton Univ.
Press, Princeton, 1941.
[Zh] S. Zhang, Multiple closed orbits of fixed energy for N-body-type problems with
gravitational potentials, J. Math. Anal. Appl. 208 (1997), 462475.
438 LONG AND ZHANG
